Abstract. After an introduction in which we review the fundamental difficulty in constructing lattice chiral gauge theories, we discuss the analytic and numerical evidence that abelian lattice chiral gauge theories can be non-perturbatively constructed through the gauge-fixing approach. While a complete non-abelian extension is still under construction, we also show how fermion-number violating processes are realized in this approach. 1
Introduction
We start reviewing the difficulties underlying the construction of lattice chiral gauge theories (ChGTs). These difficulties go back to the fundamental observation by Nielsen and Ninomiya known as the "species doubling" theorem [2] , and by Karsten and Smit on the role of the chiral anomaly [3] .
Consider a collection of left-handed fermion fields transforming in a representation of some symmetry group. 2 A gauge theory containing these fermions can be regulated by putting it on a lattice. We may then investigate the anomaly structure of the theory by keeping the gauge fields external (and smooth). It is clear that each fermion field will have to contribute its share to the expected chiral anomaly. This can happen in two ways: either the regulated theory is exactly invariant under the symmetry group, and each fermion comes with its species doublers, or the symmetry is explicitly broken by the regulator (i.e. the lattice), making it possible for each fermion field to produce the correct contribution to the anomaly in the continuum limit (i.e. for smooth gauge fields).
The Nielsen-Ninomiya theorem tells us that fermion representations with doublers contain equally many left-and right-handed (LH and RH) fermions transforming the same way under the symmetry group. This way, the theory is anomaly free, and the doublers thus provide the mechanism through which the symmetry group can remain an exact invariance on the lattice. The price one pays, however, is that if we now make the gauge fields dynamical, a vector-like gauge theory will emerge.
This means that, if we wish to construct a genuinely chiral theory on the lattice, we have two options. Either we modify the symmetry group on the lattice so as to "circumvent" the Nielsen-Ninomiya theorem, or we introduce an explicit breaking of the symmetry group.
The first option leads to a discretization of the Dirac operator that satisfies the Ginsparg-Wilson relation [4] , and will not be the subject of this talk. For a general review, including an argument as to how the modification of chiral symmetry on the lattice leads to the Ginsparg-Wilson relation, see ref. [5] . A proposal on how to apply these ideas toward a construction of lattice ChGT is reviewed in refs. [6, 5] . While a non-perturbative construction for abelian chiral theories based on this approach exists, it is still an open question whether it can also be generalized to the non-abelian case.
A well-known example of the second option is the formulation of lattice QCD with Wilson fermions [7] . In this method, a momentum-dependent Wilson mass term of the form
is added to the action, which removes the doublers by giving them a mass of order 1/a (where a is the lattice spacing, taken equal to one in most of this talk). For theories in which only vector-like symmetries are gauged, like QCD, this works fine. The theory can be made gauge invariant by inserting the SU(3)-color link variables on each hopping term. The global chiral symmetry is broken, but can be restored in the continuum limit by subtracting the quark mass. However, the situation changes dramatically when we wish to gauge a chiral symmetry. We can still try to remove the doublers with a Wilson mass term, by introducing a RH "spectator" fermion ψ R for each LH fermion ψ L . (Other possibilities exist, but the conclusions are similar in all cases [8] .) But, now we are interested in gauging a chiral symmetry, and the Wilson mass term does not respect gauge invariance (see below) . This means that, on the lattice, the longitudinal gauge field (which represents the gauge degrees of freedom (gdofs)) couples to the fermions. If we only have a term ∼ tr F 2 µν controlling the dynamics of the gauge field, the longitudinal modes are not suppressed at all, and their random nature typically destroys the chiral nature of the fermion spectrum (see refs. [9, 10] for reviews). This phenomenon is non-perturbative in nature: the problem is invisible for "smooth" gauge fields, but the point is that longitudinal gauge fields do not have to be smooth, even for small gauge coupling, if all gauge fields on any orbit have equal weight in the partition function. This is precisely where gauge fixing comes in. A renormalizable choice of gauge adds a term to the gauge-field action which controls the longitudinal part of the gauge field. In this talk, we will consider the Lorentz gauge, with gauge-fixing lagrangian (1/2ξ)tr (∂ µ A µ ) 2 (in its continuum form). The longitudinal part of the gauge field (∂ µ A µ ) has now acquired the same "status" as the transverse part (F µν ), because the gauge-fixing term acts as a kinetic term for the longitudinal part of the gauge field, suppressing gauge configurations with large field components and/or large momenta.
Before we get to the explanation of how this works in detail, it is instructive to review briefly what goes wrong without gauge fixing, using our example of a Wilson mass term. If we perform a gauge transformation
this is what it means for ψ R to be a spectator), with φ a group-valued scalar field, the Wilson mass term transforms into
The parameter r is promoted to a Yukawa-like coupling, and the lattice regulator leads to couplings between the fermions and the longitudinal degrees of freedom represented by the scalar field φ. Note that the lattice theory is invariant under the symmetry
, with h R global and h L local (h-symmetry). The h L -symmetry is, however, not the same as that of the gauge theory we wish to construct, since φ, representing the longitudinal part of the gauge field, is supposed to decouple.
We can now explore the phase diagram (i.e. all values of r) in order to see whether we might decouple these longitudinal modes, while keeping the fermion spectrum intact. (In a confining theory, the "chiral quarks" do not appear in the spectrum, but we may first consider the theory with only the φ dynamical, with external smooth transverse gauge fields; the "reduced model" of refs. [11, 12, 13] .) It turns out that three things can happen (see ref. [10] and refs. therein). First, h-symmetry can be spontaneously broken, and the doublers will be removed if φ ∼ 1/a. However, in that case also the gauge-field mass will be of order 1/a, which is not what we want. It follows that we would like the h-symmetry to be unbroken.
For small r, we may read off the fermion spectrum by replacing φ → φ . If φ = 0, we find that the Wilson-Yukawa term does not lead to any fermion masses, and the doublers are degenerate with the massless physical fermion! (In the broken phase, this degeneracy is partially removed, but, as we already noticed, the doubler masses will be set by the scale of the gauge-field mass. An elegant way of doing this was reviewed in ref. [14] .) There also exists a phase with unbroken h-symmetry at large r, but it turns out that in that phase the only massless LH fermion is described by the composite field φ † ψ L . This fermion does not couple to the gauge field, since its gauge charge is "screened" by the longitudinal field φ [15, 16] . Both this composite LH and the spectator RH fermion do not couple to the gauge field, and again, we failed to construct the desired ChGT, in which only LH fermions couple to dynamical gauge fields.
What we will show in the rest of this talk is that this conclusion, that there is no place in the phase diagram where a ChGT can be defined, changes completely when a gauge-fixing term is added, thus enlarging the parameter space of the phase diagram.
Before we end this introduction, we would like to rephrase our conclusions thus far in a somewhat different way. Imagine that we have defined the fermionic partition function Z F (A) for an external lattice gauge field A (not necessarily smooth!) in a certain attempt to construct a ChGT. This then yields an effective action S effective (A) = − log(Z F (A)), and we have, under a gauge transformation, δS effective (A) = anomaly(A) + lattice artifacts(A) .
The anomaly part can be identified by choosing the external gauge field to be small and smooth (in lattice units). The lattice-artifact terms are generically not small. We know this, because there is no "small parameter" to control them, and also since (as in our simple Wilson-fermion example above) the dynamics of the longitudinal modes can change the theory into a vector-like one, that has no gauge anomaly. In other words, if gauge invariance is broken by the lattice regulator, one has to worry about the back reaction of the gauge fields on the fermion spectrum. The approach based on the Ginsparg-Wilson relation constitutes an elaborate algebraic framework that strives to achieve δS effective (A) = 0 exactly on the lattice for fermion representations which are anomaly-free in the usual, continuum sense. In our approach here, the aim is to control the back reaction through gauge fixing in such a way that gauge invariance is recovered in the continuum limit, maintaining the chiral nature of the fermion spectrum (i.e. without introducing doublers dynamically).
In the next section, we will discuss the gauge-fixing approach in more detail, concentrating on the abelian case, for which we claim that our con-struction is complete. While we will not address the generalization to the non-abelian case in general, 3 we will, in section 3, discuss how fermionnumber violating processes, such as those known to occur in the Standard Model, are realized in our approach.
Gauge fixing -the abelian case
The central idea of the gauge-fixing approach is to make gauge fixing part of the definition of the theory [18] . This contrasts with the case of lattice QCD, where, because of the compact nature of the lattice gauge fields and exact gauge invariance on the lattice, gauge fixing is not needed. The theory is defined by the action
For S gauge we choose the standard plaquette term. For S fermion we use Wilson fermions, with only the LH fermions coupled to the gauge fields. We will choose the Wilson mass term as in eq. (1), without any gauge fields in the hopping terms. Other choices are possible, but in a ChGT, all break the gauge symmetry. Our choice has the (technical) advantage of making the action invariant under shift symmetry, ψ R → ψ R + ǫ R , with ǫ R a constant, RH Grassmann spinor [19] . For S g.f. we will choose a lattice discretization of
, to be discussed below. Since here we will only discuss abelian theories, S ghosts can be omitted [20] .
Since the lattice regulator breaks gauge invariance explicitly, counter terms are needed, and they are added through S c.t. . These counter terms include one dimension 2 operator (the gauge-field mass counter term), no dimension 3 operators (because of the shift symmetry), and a host of dimension-4 counter terms (see refs. [18, 21] for a detailed discussion). Tuning these counter terms to the appropriate values (by requiring the Ward-Takahashi identities of the continuum target theory to be satisfied) should then bring us to the critical point(s) in the phase diagram at which a ChGT can be defined. Because of the choice of a renormalizable gauge, it is clear that this can be done in perturbation theory (if the theory is anomaly free). The observation of ref. [18] is that also non-perturbatively gauge-fixing will be needed in order to make this all work. At the non-perturbative level, the following important questions arise [22] . First, what should we choose as the lattice discretization of S g.f. ? More precisely, given a certain choice, what does the phase diagram look like, and for which choices do we find a phase diagram with the desired critical behavior? Second, if we find that a suitable discretization exists, so that the fermion content is indeed chiral, how does this precisely happen? Third, since fermion-number violating processes typically occur in ChGTs, how does our method provide for them? Note that, without gauge fixing, the action above is essentially just the Smit-Swift model [23] , which, as summarized in the introduction, does not work. In this section, we will sketch the answers to the first two questions. We postpone fermion-number violation to the next section. The complete extension of our ideas to the non-abelian case requires a better understanding of the non-perturbative aspects of gauge fixing, and we will not discuss this in this talk.
Gauge fixing on the lattice
It was argued in ref. [22] that the lattice gauge-fixing term
is not the right choice, even though, expanding the link variables U x,µ = exp(igA x,µ ), it looks like a straightforward discretization of the continuum form. This is because this choice admits an infinite set of lattice Gribov copies (which have no continuum counter part) of the perturbative vacuum U x,µ = 1. This is dangerous because lattice Gribov copies mean large longitudinal modes which, as we have explained, can spoil the fermion spectrum. Therefore, we insist that lattice perturbation theory should be a reliable approximation of our lattice theory at weak coupling. In fact, we showed, through a combination of numerical and mean-field techniques, that the naive choice of gauge-fixing action of eq. (5) does not lead to a phase diagram with the desired properties [21] . The vacuum degeneracy of S g.f.,naive can be lifted by adding irrelevant terms to it [22, 24] , so that
wherer > 0 is a parameter very similar to the Wilson parameter r multiplying the Wilson mass term. While we will not give any explicit form of S irrelevant here, it was shown [24] that S irrelevant can be chosen such that
This means that U x,µ = 1 is the unique perturbative vacuum. Also, obviously, we still have S g.f. (U ) → d 4 x(1/2ξ)(∂ µ A µ ) 2 in the classical continuum limit. Our choice does not respect BRST symmetry, so that we will need to adjust counter terms [20] .
For small gauge coupling g, the classical potential should give us an idea of what the phase diagram looks like. Without fermions (which contribute to the gauge-field effective potential only at higher orders in lattice perturbation theory), including (only) a mass counter term −κ µ (U x,µ + U † x,µ ), and expanding U x,µ = exp(igA x,µ ), we have, for our choice of S irrelevant ,
for a constant field. The dots indicate higher-order terms in g 2 . While the precise form of the term proportional tor is not important, it is clearly irrelevant and positive (i.e. it stabilizes the perturbative vacuum). We can now distinguish two different phases, depending on the value of κ. For κ > 0, A µ = 0, and the gauge field has a positive mass 2κg 2 . For κ < 0, the gauge field acquires an expectation value gA µ = ± − κ 6rκ 1/4 , for all µ, and we encounter a new phase, in which the (hyper-cubic) rotational symmetry is spontaneously broken! These two phases are separated by a continuous phase transition (classically at κ = κ c = 0), at which the gauge-field mass vanishes. It follows that we are interested in taking the continuum limit by tuning κ ց κ c . (For a discussion including all dimension-four counter terms, see ref. [24] .)
A detailed analysis of the phase diagram for the abelian theory without fermions was given in ref. [21] . A complete description of the phase diagram in the four-parameter space spanned by the couplings g,κ,r and κ can be found there, as well as a discussion of the other counter terms and a study of gauge-field propagators. In the region of interest (small g, largeκ andr ≈ 1) good agreement was found between a high-statistics numerical study and lattice perturbation theory. The picture that emerges from the classical potential as described above was shown to be correct, as long as we chooser > 0 away from zero, and the coupling constants g 2 andκ −1 = 2ξg 2 sufficiently small. As it should, the theory (without fermions) at the critical point describes (free) relativistic photons.
Fermions
We now come to the behavior of the fermions in this gauge-fixed lattice theory. Employing a continuum-like notation for simplicity, our lattice lagrangian, including fermions, reads
In order to investigate the interaction between fermions and longitudinal modes, we can make the latter explicit by a gauge transformation
This yields the lagrangian in the "Higgs" or "Stückelberg" picture,
which is invariant under the h-symmetry mentioned in the introduction. In order to find out whether the longitudinal modes, which are represented by the field φ in the Higgs-picture lagrangian, change the fermion spectrum, we may simplify the theory by considering the "reduced" model, in which we set A µ = 0 in eq. (11) . Expanding φ = exp(iθ/ √ 2κ), which is appropriate for small g because 1/ √κ ∝ g (see eq. (5)), gives the reducedmodel lagrangian
This lagrangian teaches us the following. First, θ is a real scalar field with dimension 0, and inverse propagator p 2 (p 2 + κ/κ). Near the critical point (which is at κ c = 0 to lowest order), this behaves like p 4 . This actually implies [11, 25] that
for κ → κ c . (This behavior is very similar to that of a normal scalar field in two dimensions in the massless limit.) This means that h-symmetry, which is spontaneously broken on the lattice, gets restored at the critical point. The fermion-scalar interactions in eq. (12) are dimension 5, and therefore irrelevant. This (heuristically) implies that θ, which represents the longitudinal modes or gdofs, decouples from the fermions near the critical point. The doublers are removed by the Wilson mass term, which is present in eq. (12). The conclusion is that a continuum limit exists (at the critical point of the reduced model) with free charged LH fermions (i.e. fermions which couple to the transverse gauge field in the full theory) and free neutral RH fermions (the spectators). In other words, the fermion spectrum is chiral. It is clear from the discussion here that gauge-fixing plays a crucial role: without it, the higher-derivative kinetic term for θ would not be present. It is the infrared behavior of θ that causes this novel type of critical behavior to occur. Note, finally, that the restoration of h-symmetry at the critical point and the decoupling of θ from the fermion fields together imply that the target gauge group is unbroken in the resulting continuum theory.
Of course, the description given here is quick and dirty. The unusual infrared properties of this theory were investigated perturbatively in much more detail in ref. [25] . Fermion propagators were computed numerically in ref. [12] , and the agreement with perturbation theory was shown to be very good. (The numerical computations were done in the quenched approximation. However, the effects of quenching occur only at higher orders in perturbation theory, so the good agreement between numerical and perturbative results indicates that this is not a serious problem.) All these studies confirm the results described in this talk.
Fermion-number violation
In this section, we will briefly describe how fermion-number violating processes occur in our approach approach [26] . It was observed a while ago that this is a non-trivial issue [27] . The problem originates in the fact that, in the gauge-fixing approach, flavor symmetries which are anomalous in the continuum appear to be conserved on the lattice.
It is easiest to explain the issue by considering one-flavor QCD. Consider the following lagrangian for a LH quark ψ L with a RH spectator χ R and a RH quark ψ R with a LH spectator χ L :
+ψ
Of course, this is not the simplest way of putting one-flavor QCD on the lattice, but it helps illuminating the problem and its solution in a familiar context. For r = 0, this theory has four conserved fermion-number symmetries, broken to two U (1) symmetries when r = 0:
i.e. the theory has "too much" symmetry, since U (1) A should be anomalous! In perturbation theory, the resolution is rather straightforward [28, 25] . The corresponding axial currentĴ A µ is exactly conserved on the lattice, but not gauge invariant. One may define a new current J A µ =Ĵ A µ + g 2 K µ with K µ a lattice operator with continuum limit
It can then be shown that J A µ is gauge invariant, and has a divergence equal to the usual anomaly.
However, if we go beyond perturbation theory, this does not solve the basic question how, in a one-instanton background, ψ R ψ L can pick up a non-vanishing expectation value [27] . (The presence of the spectator field χ does not help: there is no term in the lagrangian connecting ψ L and ψ R .) The only way out is to demonstrate that spontaneous symmetry breaking (SSB) occurs [29, 30] . The procedure to follow then is the following.
− Turn on the appropriate infinitesimal external "magnetic" field, in this case a small quark mass, mψψ; − Take the volume to infinity, the lattice spacing to zero, and finally m → 0 (relative to physical scales); − See if ψ R ψ L = 0 in an instanton background for m → 0; − In order to use semi-classical methods, take the instanton size ρ ≫ a, but small enough that the renormalized coupling constant is small. The Dirac operator D corresponding to eq. (14) is
Consider now the LH zero mode Ψ =
the continuum. Latticizing this zero mode, one has that
For a → 0, χ decouples, DΨ → (D / + m)u = mu, and one finds that (for technical details, see ref. [26] )
for small m, where det ′ is the determinant with the zero mode removed. Putting things together, we find the desired 't Hooft vertex [31] 
It can be shown that, even though the 't Hooft vertex appears through SSB, there are no gauge-invariant Goldstone poles [26, 29, 30] in the continuum limit. Essentially, the explanation is thatĴ A µ is not gauge invariant. In order to see whether this mechanism also works in a genuinely ChGT, we also worked out the example of an SO(10) theory with a LH Weyl fermion in the 16-dimensional representation of SO(10) [26] . In this case, there are four independent LH zero modes in a one-instanton background (one can embed SU(2) 4 in SO (10)). The symmetry breaking mass term is chosen to be m ψ
where ǫ acts on the Weyl index, and C is a symmetric charge-conjugationlike matrix acting on the SO(10) index. This mass term breaks the U(1) fermion-number symmetry, which is anomalous in the continuum target theory. The fermion determinant in the instanton background is proportional to m 2 (in the limit of vanishing lattice spacing), and one can show that, as a consequence, one obtains the expected four-fermion 't Hooft vertex
where i, j, k, l = 1, 2, 3, 4 label the four different zero modes. We see that again 't Hooft vertices arise through SSB of the lattice fermion-number U(1) symmetry. We note that the SO(10) theory is rich enough to contain the Standard Model, as well as many interesting Grand Unified Theories.
Conclusion
Let us summarize the progress reviewed in this talk. We have demonstrated how gauge fixing on the lattice can be used to solve the problem of coupling lattice fermions chirally to gauge fields. The method works for abelian theories, where no ghosts (or anything equivalent) are needed. Whether we can complete this proposal for constructing lattice ChGTs also for non-abelian theory depends solely on whether the non-perturbative gauge-fixing problem can be solved for this case. An attractive feature is the fact that this method can in principle be applied to any lattice fermion method, thus showing a degree of universality. For an investigation using domain-wall fermions, see ref. [32] . New support for this method comes from the fact that there are no surprises with respect to fermion-number violating processes; things work basically just as one would expect in the continuum when one would employ a regulator that breaks gauge invariance. (For earlier work on the interplay between gauge invariance and fermion-number violation, see ref. [33] .)
